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ABSTRACT: In this paper we have established sufficient conditions that guarantee the absence or presence of pulse
phenomena involving hybrid Caputo fractional differential equations of order ¢, 0 < ¢ < 1 with variable moments of
impulse under the weakened hypothesis of C? continuity.

1 INTRODUCTION

The theory of fractional differential equations is as old as ordinary differential equations. The first application of the
fractional calculus was made by Abel(1802-1829) in the solution of an integral equation that arises in the formulation
of the tautochronous problem and many applications in this field are given in [11]. Dynamics of many evolutionary
processes from various field as population dynamics, control theory etc. undergo abrupt changes at certain moments of
times like earthquake, harvesting, shock etc. These processes are modelled by impulsive differential equations. Many
results are established parallel to the theory ordinary differential equations. There are many research articles in fractional
differential equations [3], [4], [7], [8], [9]. In the paper [12], solution of a hybrid Caputo fractional differential equation of
order g € (0, 1) with variable moments of impulse, conditions for its existence and continuation are established under the
weakened hypothesis of C'? continuity, also the different types of behaviour this solution exhibits were discussed, in which
one of them is pulse phenomena i.e. the solution may hit the same surface (or barrier) several times. Sufficient conditions
that guarantee the absence or presence of pulse phenomena involving ordinary differential equations are established [2].
In this paper we have tried to establish sufficient conditions that guarantee the absence or presence of pulse phenomena
involving hybrid Caputo fractional differential equations of order ¢, 0 < g < 1 with variable moments of impulse
under the weakened hypothesis of C'? continuity. In Section 2, we deal with the preliminaries of fractional differential
equations. In Section 3, some examples on pulse phenomena are illustrated. In the Section 4, sufficient conditions that
guarantee the absence or presence of pulse phenomena involving hybrid Caputo fractional differential equations of order
¢, 0 < g < 1 with variable moments of impulse under the weakened hypothesis of C'? continuity are established. Section
5, concludes the work done in the paper.

2 Preliminaries

In this section, we introduce notations, definitions, results and preliminary facts from [1], [6] that are required in the
remainder of this paper.

Definition 2.1. The Riemann-Liouville fractional integral of order q, where q is a positive real number, of a function x
given on the interval [to, T, to > 0 is defined as

t
/(t — )" a(s)ds, to <t <T

to

Diia(t) = ﬁ

where 1 is the Gamma function.

Definition 2.2. The Riemann-Liouville fractional derivative of order q, where q is a positive real number, of a function x
given on the interval [to, T, to > 0 is defined as

t
DY a(t) = ﬁ;ﬂ /(t P la(s)ds b, to<t<T

to

where n = p + q and n is the least positive integer greater than q so that 0 < p < 1.

Definition 2.3. The Caputo’s fractional derivative of order g, where q is a positive real number, of a function x given on
the interval [to, T, to > 0 is defined as

¢
CDan:(t) = ﬁ /(t — )P ™ (s)ds, to <t <T
to

where n = p + q and n is the least positive integer greater than q so that 0 < p < 1.
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In particular, the Caputo’s fractional derivative of order ¢, where 0 < ¢ < 1 is defined as

t

C 1 / -1 _7
Dizg(t) = — t—s)P" 2 (s)ds, to <t <T.
(0= 557 [ (=57 ) ds, o

to
wherep+q =1
Definition 2.4. A function u is said to be C), continuous i.e., u € Cy, ([to, to + a],R) ifand only if u € C((to, to+al,R)
and (t — to)?u(t) € C([to,to + a],R).
Definition 2.5. A function w is said to be C? continuous i.e., w € C? ([to,T],R) if and only if the Caputo derivative
C D9u(t) exists and satisfies

t

1

Cunt:—/t—sp_lu/sds,t <t<T,

0=y - e s <1
0

wherep +q = 1.

We observe that u € C? ([to, to + a], R), implies that u is continuous and differentiable.

Result 2.1. z(t) € C([to, to + a],R) is solution of the initial value problem
Dl = f(t,z), x(to) =x0, 0< g<1

if and only if it satisfies corresponding Volterra fractional integral equation

t

1 q—1
x(t):xo—i—@/(t—s) f(s,z(s))ds, to <t <to+a.

to
We then state the following lemma and theorem from [10].

Lemma 2.1. Let 0 < q < 1. Consider the Caputo fractional differential equation
“Di u(t) = g(t,u(t)), t > to,

where g(t,u) > 0 and to € R. If the solutions exist and u(to) > 0, then they are nonnegative. Furthermore, if
g(t,u) = Aufor X > 0, then the solutions are nondecreasing in t.

Theorem 2.1. Suppose that 0 < q < 1 and CDfov(t) > CDgow(t) on Ry, If v(to) > w(to) then v(t) > w(t) on
[to, OO)

We next state the following results from [5], which are essential to serve our purpose.

Lemma 2.2. Let m € Cp[[to, T],R]. Suppose that for any t1 € (to,T], we have m(t1) = 0 and m(t) < 0 for
to <t < ti,then it follows that
qu(tl) Z 0.

Corollary 2.1. Let m € Cyl[to, T],R]. Suppose that for any t1 € (to,T], we have m(t1) = 0 and m(t) > 0 for
to <t < ti, then it follows that

qu(t1) S 0.
Remark 2.1. Tha main advantage of the Caputo fractional derivative is that the initial conditions for fractional

differential equations are the same form as that of ordinary differential equations with positve integer deriva-
tives . Another differtence is that the Caputo fractional derivative of order q, 0 < q < 1 for a constant c is zero,

t—tog) ¢
while the Riemann-Liouville fractional derivative for a constant c is not equals to zero but equals to D;’O c= w.
I'(1—-q)
t—tog) ¢
©Dha(t) = Dy olt) = 0] = Diya(t) - a(to) [0

In particular, if z(to) = 0, then  D{ x(t) = D x(t).

Corollary 2.2. Let m € Cy[[to, T],R]. Suppose that for any t1 € (to,T], we have m(t1) = 0 and m(t) < 0 for
to <t < ti, then it follows that
chm(t1) 2 0.

Corollary 2.3. Let m € Cyl[to, T],R]. Suppose that for any t1 € (to,T], we have m(t1) = 0 and m(t) > 0 for
to <t < ti, then it follows that
“DIm(t1) < 0.
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3 Examples

Consider the initial value problem (IVP) for Caputo fractional differential equation of order ¢, 0 < g < 1 with variable
moments of impulse given by

°Dix = f(t,z), t #T(z),
z(tT) = @)+ (@), t = 7i(a), M
x(tg') = Zo, t() 2 0.
where f € C[I x QR], I = [to,T], to > 0, © C R being an open set, Ir(z) € C[Q,R],
and 7x(z) € C9Q,(0,00)] and S : t = 7k(z) are linear surfaces of the form ¢ = Az + k so that

T6(x) = Ax 4+ k where A € R — {0},k € Z™. It then follows that 74(x) < Trt1(x), for every k € ZT on
Q, z(th) = }llin% z(t+h), z(t7) = }llin%) z(t —h), Az =x(tT) — z(t).
— —

Definition 3.1.

A function x : [to,to + a) = R, to > 0,a > 0, is said to be a solution of (1) if
() 2(tJ) = zo and (t,z(t)) € D fort € [to, to + a),
(i) z(t) € CU([to,to + a),R), °D?z(t) is continuous, and z(t) satisfies Dz = f(t,z) for t € [to,to + a) and
t# 7r(z(t)),
(iii) if t € [to,to 4+ a) and t = 7% (2(t)), then z(t") = =(t) + Ix(z(t)), and at such ¢’s we always assume that x(¢)
is left continuous and s # 75 (z(s)) for any j, t < s < t + 4, for some § > 0.

Whenever to # 71 (o) for any k, we mean the initial condition z(tJ) = xo in the usual sense, that is, x(to) = 0. If
to = 7k(xo) for some k then x(tf) = o, which, in general, is natural for the system (1), since (to, o) may be such
that to = Tk(ato)

‘We have illustrated pulse phenomena through examples where the solution hit the same surface finite or infinite number
of times.

Example 3.1.

Consider the Caputo fractional differential equation with variable moments of impulse

Cqu = 07 t#Tk(l‘),
Az = |z —5|, t="k(x). ()
z(0Y) = 1,

where 74 () =z + k, k€ ZT.
The solution of (2) starting at (0, 1) hits the surface Sy at (2, 1) and then at (6, 5) experiencing the pulse phenomena. In
this case the solution of (2) hits the surface S; a finite number of times, see figure 1.

Solution hitting the same surface finite number of times

10
sl
g
ol
=2 o 2 a 6 B 10
t—axis
Figure 1:
Example 3.2.
Consider the Caputo fractional differential equation with variable moments of impulse
CDiz = 0, t#7(x),
Ar = z?—z t=7(2). 3)

z(0T) = 0.9,
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where 74 () = —x + k, k € Z*.
The solution of (3) starting at (0, 0.9) hits the surface Sp an infinite number of times experiencing the pulse phenomena,
see figure 2.

Solution hitting the same surface infinite number of times
T T T T T

0.8 q

0.6 q

X-axis

0.2 q

Figure 2:
4 Pulse phenomena

We now propose to give a simple set of sufficient conditions for any solution to meet each surface exactly once and
shows the interplay between the functions f, 7 and I. In the rest of the section we shall assume that solutions of (1)
exists for ¢t > tg and it is C}, continuous.

Theorem 4.1. Assume that
(i) f € C[[to, T) x Q,R], to > 0,1 € C[QR], 7 € CQ, (0, 00)], T (x) is
linear and bounded, and Ty, (z) < Tp1(x) for each k.

p
(ii)(a ) ( )f(t x) < I(f(p—:—t)l , whenever t = Ty (x(t, t, )).
(b)( z + sl (x )Ik x) < 0, and

()( (1:+s]k 1$)Ik1 )>0,0<s<1, z+Ix(z) €N

Whenever x e Q.
Then every solution x(t) = x(t,to,xo) of IVP (1) such that 0 < to < 71(x0) meets each surface Sy exactly once.

Proof. Let z(t) = z(t,t0,2z0) be any solution of IVP (1) such that 0 < ¢; < 71(w0). Since 71(z) is bounded and
continuous on €2, there is a unique ¢; > to such that

t1 = Tl(m(tl)) and t <7 (:L’(t)) for t < t;. “4)

Therefore x(t) hits the surface Sy att = t1. Let % = x(tx), o1 = xx + Ix(xx). By condition (ii)(c), for each € €,
z + I;i(z) € Q. Also each 7;(x) is differentiable in .

Now, 7i(z + Li(z)) — m(z) = /(%Z (x+slz(m))> Ii(z)ds < 0, by condition (ii)(b). So we have

0
Ti(x + I;i(z)) < 7(x) forany € Q and ¢ > 1. This implies that
Tl(mf):ﬁ(:vl—i—ll(wl))<7'1(x1):t1. (®)]
Since T, (x) < Tr41(z) for each k, we have

t1 271(1‘1)<T2(131). 6)

1
Now, 75(z + Ii—1(z)) — m(x) = / (OBZ (z+ sIL-,l(nc))> Ii_1(z)ds > 0, by condition (ii)(c). So we have

0
Ti(x + Li—1(x)) > 75(x) forany z € Qand i > 2.
This implies that

ma(21) < mo(w1 + L1(21)) = T2(a)). @)
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From (5), (6) and (7) it follows that

T1 (xl )<t < 7'2(23?) ®)

Since 71 (z]) < t1 < T2(z]), by proceeding as before, we can find a unique t2 > ¢; such that to = 7o(x(t2,t1,27))
and t < 72 (2(t, t1,27)) for t1 < t < to. Now we will show that x(t) hits the surface S; : ¢ = 71 (=) only once.

Set m(t) =t — 11 (x(t, t1, 7)), t > t1. From (5), we have m(t1) = t1 — 71 (x; ) > 0. We calim that m(t) > 0 for
all t > t1. If not, there exists a t* > t; such that m(t*) = Oiet* = 7 (z(t*,t1,27)), and m(t) > 0, t; <t < t*.
By Corollary (2.2), this implies that ODflm(t*) < 0. But

“Df {m(t)} = “Di{t—m(x(t,tr,2))} = "D} {t} = “Df {mi(a(t,tr,27)}

R PP Gy PR LS 1C B

| E=s)" t _ On(z) . o+
{pf(p) } e Sttt 2]))

p
- {g(p fi) - 87813(;") .f(t,x(t,tl,xf))}, Vi <t <t
By condition (ii)(a), “ D, m(t*) > 0, which s a contradiction. Thus m(t) > 0, forallt > ¢, thatist > 71 (z(t)), V¢ >
t1 and therefore x(t) hits the surface S1 only once. Therefore, x(t) meets the second surface Sa first at t = ¢ after it
hitting the first surface Sy at ¢ = ¢1. Also it follows that the solution () hits the surface S; exactly once in [to, t2] and
also in [to, 1.

Setting again w2 = x(t2,t1,2]), ©4 = z2 4 I>(x2) and using condition (ii), we can conclude that 72 (z]) < t2 <
73(x3). By arguing as before, we can find a unique t3 > ¢, such that z() meets Ss first at ¢ = t3 after it hitting the
surface Sz at ¢ = ¢2. This implies that the solution x(¢) hits the surface S3 exactly once in [t1, ¢3] and also in [to, T]. By
repeating this process, one can prove the stated claim and therefore the proof is complete. O

We shall now obtain conditions for pulse phenomena to occur. First, we consider a simple situation where we
have only one surface.

Theorem 4.2. Assume that

(i) f € C[[to, T] x Q,R], to > 0,1 € C[R], 7 € CURQ, (0,00)], 7(x) is
linear and bounded.

(ii)x + I(x) € Qforz € Qand%(z—i—s[(m))[(x) >0,0<s< 1.

Then, every solution z(t) = x(t, to, zo) of

CDix = f(t,x), t #7(x),
a(t™) = x(t)+ 1(z(t), t =7(), ©)
l'(tg) = Zo, to ZO

such that 0 < tg < T(xo) meets the surface S : t = T(x) several times.

Proof. Let z(t) = x(t, to, xo) be any solution of (9) such that ¢y < 7(z¢). Since 7(z) is bounded and continuous on €2,
there exists 1 > to such that ¢; = 7(x(¢1)). This implies that z(t) hits the surface S at t = ¢;.

Letx1 = (1), 7 = o1 + I(x1)). By condition (ii), we have for each x € Q, x4 I(2) € Q and 7(z) is differentiable
in Q.

1
Now, 7(z + I(x) / ( (x + sl(z ))> I(x)ds > 0, by condition (ii). So we have 7(z + I(x)) > 7(x)
0
for any x € 2. This implies that
m(xf) = 7(x1 + I(x1)) > 7(21) = t1. (10)
Let z(t) = z(t,t1,2]) be any solution of (9) starting at (t1, mf) Since 7(z) is bounded, continuous on €2, and

t1 < 7(x]), there exists a to > t; such that to = 7(x(t2,t1,2])). This implies that z(¢) hits the same surface S
second time at t = t2. This process can be continued as long as the solution z(¢) remain in 2 and therefore the proof is
complete. O

The next result offers conditions for any solution to hit a given surface S; several times.
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Theorem 4.3. Assume that
(i) f € C[[to, T] x Q,R], to > 0,1 € C[Q,R], 7o € CUQ, (0,00)], T(x) is
linear and bounded, T, (x) < Ti+1(x) for each k.

(z)

(ii) (a) L’g; (t—t)"

'(p+1)

(b)z + I;(z) € Qforz € Q, {g:’

, whenever t = 1;,_1(x(t, 1, %)).

ft,z) <

(x + sll(x))] Ii(z) > 0, and

Then, every solution z(t) = x(t, to, xo) of IVP (1) such that
Ti—1(xo) < to < Ti(wo) meets the surface S; several times.

Proof. Let z(t) = z(t, to, o) be any solution of IVP (1) such that

7'1‘71(130) <tp < Ti(CC()). (1)
Since to < 7i(z0), 7:(z) is bounded and continuous on §2, there exists a unique t1 > to such that ¢; = 7;(z(¢1)) and
t < 1i(x(t)) for all to < t < ti. That is the solution =(t) = x(t,to, xo) starting at (to, xo) hit the surface S; first at
t = t1. Now we will show that the solution z(t) = z(¢, to, zo) starting at (to, zo) does not hit the surface S; 1 in [to, t1].
Set T'(t) =t — mi—1(z(t, to, o)), t > to. From (11), we have T'(to) = to — Ti—1(x0) > 0. We claim that T'(¢) > 0 for
all ¢ > to. If not, there exists a t* > o such that T'(¢*) = 0 i.e t* = 71 (x(t*, to,x0)) and T'(t) > 0, to <t < t*.
By Corollary (2.2), this implies that CD?QT(t*) < 0. But

“DIT()} = “Di{t—mi-1(a(t to,x0)} = "D {t} — "D {ri-1(a(t,to,x0)}

(t - to)p _ (97'1'_1({13)
F(p+ 1) ox

.f(t,l’(t, to,xo)), v to <t < t*.
By condition (ii)(a), “ D T'(t*) > 0, which is a contradiction. Thus 7'(t) > 0, for all ¢ > to. This implies that

Tifl(m(hto,mo)) <tfort e [to,tll. (12)

Hence the solution x(t) = (¢, to, o) starting at (£o, zo) does not hit the surface S;_1 in [to, ¢1]. Hence x(t) meets the
surface S; at t = t; before hitting any other surface. Let x1 = z(t1) and 7 = 1 + I;(x1). By condition (ii)(b), for
eachz € Q, z + I;(x) € Q. Also each 7;(x) is differentiable in 2.
1

Now, 7j(z + I;(z)) — 15(z) = / (88—;] (z + sI; (:p))> Ij(z)ds > 0, by condition (ii)(b). So we have

0
Tj(x + Ij(x)) > 7j(z) forany z € Qand j > 1.
This implies that

t1 = Ti(xl) < Ti(l?l -+ Iz(xl)) = Tl(ilTIL) (13)

0Ti—1
ox

Similarly, 71 (2 + i(2)) — Ti1(2) = /1 (

Tic1(z + Ii(x)) < 7-1(x) forany x € Q.
This implies that

(x + sIZ(x))) I;(z)ds < 0, by condition (ii)(c). So we have

Tifl(xi‘r) < T1i—1(z1). (14)

Since T (x) < Tr41(z) foreach k, YV € Q2 we have

Tic1(z1) < 7i(z1) = t1. (15)
From (13), (14) and (15) it follows that

Tio1(x) <ty < m(x)). (16)
Let 2(t) = x(t,t1,2]) be any solution of IVP (1)) starting at (t1,27). Since t1 < 7;(z}), 7:(x) is bounded and
continuous on €, by proceeding as earlier, there exists a t2 > ¢1 such that t2 = 7;(z(t2)) and ¢ < 7;(z(t)) for all

t1 < t < to. This shows that every solution x(¢) hits the surface S; at least twice. We can now repeat the same argument
as long as the solution remains in 2 and therefore the proof is complete. O

The pulse phenomena can occur in many complicated ways. We shall now give a typical result in that direction.
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Theorem 4.4. Assume that
(i) f € Cllto, T] x Q,R], to > 0, I € C[Q,R], 7 € CUQ, (0,00)], () is
linear and bounded, T,(x) < Ti+1(x) for every k.

.., Ok () (t—1t)P _ o
(ii) E flt,z) < m, whenever t = 1, (z(t,t, Z)).
(iii) z + I (x) € Q for x € Q and every k, and for some fixed k = ko,

(b1) (8;;” (m—l—slj(x))) Li(z) > 0, 75(z) > Tke—1(z + Lj(z)) for all j < ko, where
0<s<1.

(b2) (% (w—l—slj(x))) Ii(z) < 0, 15(x) < 7oz + Ii(z)) for all j > ko, where
0<s<1.

Then, every solution z:(t) = x(t, to, xo) of IVP (1) meets the surface Sk, several times.

Proof. Let z(t) = x(t,to,x0) be any solution of IVP (1) starting at (to,xo0). Since each 7x(z) is bounded and
continuous on €2, there exists a t1 > ¢o such that 1 = 7;(x(¢1)) for some j. That is, z(¢) meets the surface S; at t = ¢;.
We need to consider two cases, namely j < ko or j > ko.

Case (A). Let j < ko.

Let 21 = x(t1) so that z = 21 + I,;(z1). By arguing as earlier, by condition (ii4)(b1), it follows that

Tho (21) < Tg (21 + I (1)) = 7o (21 ). (17
Since j < ko and 7% (x) < Tr41(x) for every k on Q we have
t1 :Tj(w1) <7'k0(m1). (18)
From the condition (iii)(b1) it follows that
tr = 7j(21) > Tho—1 (w1 + L (21)) = Tho—1(2) ). (19)
From (17), (18) and (19) we have
Thy_r (27) < b1 < 7o (7). (20)

Let 2(t) = x(t,t1,x]) be the solution of IVP (1) starting at (¢1,«7). Since 7k, () is bounded and continuous on €,

there exists a to > ¢1 such that t2 = 7y, (z(¢2)). That is, z(¢) meets the surface Sy, at t = ¢2.

Now we will show that the solution 2(t) = x(t, t1, x]) starting at (¢1, 2} does not hit the surface Sy, —1 in [t1, t2].
Set T(t) = t — Tig—1(z(t,t1,27)), t > t1. From (20), we have T'(t1) = t1 — Tio—1(x]) > 0. We claim that

T(t) > 0forall t > t1. If not, there exists a t* > ¢; such that T'(t*) = 0 i.e. t* = Tp—1(x(t*, t1,2])) and T(t) >

0, to <t < t*. By Corollary (2.3), this implies that CDflT(t*) < 0. But

“DIAT(t)} = “Df{t—Tie—1(x(t,tr,21))}
= Di{t} = “Di {mho—1(a(t,tr,21)}

(t — tl)p _ Bmo_l(:p)
Tp+1) o

By condition (ii), CD,?IT(:‘,*) > 0, which is a contradiction. Thus T'(t) > 0, for all ¢ > ¢; that is
t > Tio—1(x(t)), Vt > t1. This implies that

Szt t, 1)), Vi <t <&

Tko_l(.’r(t,tl,l’1)) < tfort e [tl,tz]. (21
This implies that the solution z:(t) = (¢, ¢1, z1) starting at (¢1, 1) does not hit the surface Sk, —1 in [t1, ¢2]. Hence z(t)
meets the surface Sy, at ¢ = t2 before hitting any other surface.

Case (B). Let j > ko.
Let 1 = (1) so that 2 = =1 + I;(z1). By arguing as earlier, by condition (i44)(b2), it follows that

Tho—1(21) = Teo—1(21 + Ij(21)) = 7o —1(2]). (22)
Since j > ko and 7% (z) < T1(x) for every k, on 2 we have
tr = Ti(x1) > Tho (T1) > Tho—1(21). (23)
From the condition (iii)(b2), it follows that

t1 = 7j(z1) < Tho (21 + L (1)) = Theo (7). (24)
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From (22), (23) and (24) we have
Thy—1 () < t1 < Thy (7). (25)

Let 2(t) = x(t,t1,2]) be the solution of IVP (1) starting at (¢1,27). Since 7x,(x) is bounded and continuous on
Q, there exists a to > ¢ such that t2 = 74, (z(¢t2)). That is, z(¢t) meets the surface Si, at t = ¢2. By setting
T(t) =t —Try—1(z(t,t1, 1)), and using the fact (ii), (25) and the Corollary (2.3), as proceeding in the Case A, we can
show that T'(¢t) > 0,V¢ > t;. This implies that

Tho—1(x(t, t1, 1)) < tfort € [t1,t2]. (26)

This implies that the solution z(t) = (¢, ¢1, 1) starting at (¢1, z1) does not hit the surface Si,—1 in [t1, t2].

If z(¢) hits the surface Sy, several times after ¢ = ¢2, we are done, If not, z(¢) encounters some surface Sj, i # ko at
t3 > t2, because 7 (z) is bounded on (2 for every k. By Arguing as before, we can show that there exists a t4 > t3 at
which z(t) meets Sy, again. This process can be continued as long as the solutions exist and therefore, the desired result
follows proving the theorem. O

Now we are going to give sufficient conditions for not hitting a fixed surface S; .
Theorem 4.5. Assume that
(i) f € C[[to, T] x Q,R], to > 0,1 € C[Q,R], 7o € CRQ, (0,00)], Tr(x) is
linear and bounded, T, (x) < Tip+1(x) for each k.

(t— iy
I(p+1)’

ot (x)
oxr

whenever t = 7;(x(t, t, %)),

(iii) Tj(l’ =+ ijl(ac)) < ijl(l'), x + ijl(x) S Q, Vr € Q

(ii) for any fixed j > 3, flt,z) <

Then, every solution x(t) = x(t, to, zo) of IVP (1) such that
Tj—2(x0) < to < Tj—1(z0) does not hit the surface S; : t = 7;(x).

Proof. Let z(t) = z(t, to, o) be any solution of IVP (1) such that
Tj—2(20) < to < Tj—1(z0). 27
Since to < Tj—1(x0), Tj—1(x) is bounded and continuous on 2, there exists a unique ¢; > ¢ such that
t1 = Tj_l(m(tl)) and t < Tj_l(m(t)) forall to <t < t. (28)

That is the solution z(¢) = x(t, to, zo) starting at (to, xo) hit the surface S;_1 att = ¢;.
Since 7 (z) < Tr+1(z) for every k, we have

mi-1(x(t)) < 75(x(t)). (29)
From (28), (29) we have
t<Tj(CC(t)), forall to <t <t;. (30)
This implies that the solution 2(¢) does not hit the surface S; : t = 7;(x) in [to, t1). Let z1 = z(t1), =7 = 1 +
[jfl(:vl).
By condition(iii), we have
tr = 7j_1(@1) > 7i(z]). (31

Also we have from condition(ii), and the relation (31), we have
t>7i(x(t,te,x])), V>t (32)

This implies that the solution z(¢) does not hit the surface S; : t = 7;(z) in [t1, T

From (30), (32) we have ¢t # 7;(x(t)) in [to,T]. That is the solution z(t) does not hit the surface S; in [to, T
and the proof is complete. O

5 Conclusion

In this paper we have studied pulse phenomena involving hybrid Caputo fractional differential equations of order ¢ €
(0, 1) with variable moments of impulse and have shown by examples the potential it has for further work.
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