The 6th International Federation of Nonlinear Analysts Conference (2012) 77-87

Variational sequences on fibred velocity spaces
Zbynék Urban' and Demeter Krupka?®

IDepartment of Mathematics and Physics, University of Pardubice, Studentskd 95, 532 10 Pardubice,
Czech Republic, and Lepage Research Institute, Czech Republic, E-mail: urbanzp @ gmail.com
2Lepage Research Institute, Czech Republic, and
Department of Mathematics, University of Ostrava, Czech Republic, and
Department of Mathematics, LaTrobe University, Victoria, Australia
E-mail: demeter.krupka@lepageri.eu
Webpage: http://www.lepageri.eu

ABSTRACT: The variational sequence theory in geometric mechanics is extended to second order velocity spaces over
smooth manifolds. New explicit formulas for the classes in this sequence, representing the variational objects such as La-
grangians, Euler-Lagrange forms and Helmholtz forms, are derived. The expressions, given in the canonical coordinates,
explain the structure of trivial Lagrangians on these underlying manifolds and allow straightforward applications in the
inverse problem of the calculus of variations. The differences between local and global variationality are discussed and
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1 INTRODUCTION

The variational sequence as considered in this paper was introduced by D. Krupka [2] as an adequate tool for the global
characterization of the Euler-Lagrange mapping of the calculus of variations on finite order jet spaces. Elements of
the variational sequence (classes of differential forms), represent the variational objects, well-known from the local
variational theory. The crucial meaning of the sequence is that the sequence morphisms (variational mappings such
as the Euler-Lagrange mapping, the Helmholtz mapping, etc.) can completely be determined without reference to the
underlying variational functionals and, moreover, differencies between their local and global properties can exactly be
formulated and characterized in terms of cohomology groups of underlying manifolds.

The goal in this paper is to study specific properties of variational sequences in higher order geometric mechanics when
the underlying manifolds are velocity spaces. Then, having in mind applications, we derive basic coordinate variational
formulas, esp. the Helmholtz variationality conditions, for 2nd order velocities.

Throughout, we use the Ehresmann’s theory of jets and jet differential groups. A detailed exposition of the underlying
structures we consider can be found in [5]; see also e.g. [1, 6, 9]. The basic notion of a differential form is used in
definition of the variational integral; in this sense we follow the general variational theory on fibred manifolds, see [4]
and the references therein. In Section 2, we give a review of the basic structures on underlying manifolds, including
formulas for further computations. Section 3 briefly describes the key notion of the contact differential form. In Section
4, we present general properties of the variational sequence theory and then specify the results to second order differential
forms on velocity manifolds. Beside local formulas, describing variational classes and mappings, we also give elementary
examples characterizing local and global inverse problem of the calculus of variations on velocity spaces in terms of
cohomology groups. Finally, in Section 5 we describe the variational functionals on second order velocity manifold, and
study their parameter-invariance.

2 VELOCITIES AND GRASSMANN FIBRATIONS

Let Y be a smooth manifold of dimension m, m > 1. Let r > 0. We denote by T"Y the manifold of velocities of order
r over Y. An element of T"Y, a velocity of order r at a point y of Y, is an r-jet P € J(ro_y) (R,Y), P =J;¢, with source

0 € R and target y = {(0) € Y, represented by a curve { in Y. A velocity P € T"Y is said to be regular, if P = Jj{ is
represented by an immersion § at the origin 0 € R. The set of regular velocities is denoted by InmT”Y. The canonical
jet projections of 7"Y onto T*Y, are denoted by 7"*, where 0 < s < r,i.e. T(Jj{) = J§{. In the case of r = 1, Ty is
the tangent bundle of Y, and velocities of order r are also called fangent vectors of order r

Let us recall the standard manifold structures of 7"Y and Imm7”Y. Every chart (V,y) on Y, where y =
6Ky = (L%, Y™t induces a pair (V7 "), with V" = (7°0)71(V) and a collection of functions y" =
(yK,yf(D ,y@, e ,y{% ), defined on V" by yZ) (J5¢) = D' (yX£)(0). Then the pairs (V, ") form charts on 7", called the
associated charts, and define a smooth manifold structure on 7"Y of dimension (m+1)(r+1). As an open subset of 7"Y,
Imm7"Y is endowed with the structure of open submanifold. For the lower order case, we write yX = yfw, K = y@,

YK = Y{g)-
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The structure of Inm7"Y allows us to assign to every chart (V, ) on Y new collection of (m+ 1) charts on Imm7"Y,
(viE, whl), by shrinking the coordinate functions W' to the domains

Vik = {J5¢ e VT3 (J58) # 0}
For every index L, 1 <L <m+1, we set W™ = (5,555 99090y -9, where the index o runs
through all values 1,2,...,m+ 1, not equal to L. Clearly, the charts (V"X y"L) define a differentiable structure on

Imm7’"Y.
The r-th order differential group L" acts on manifold of velocities 7"Y to the right by composition of jets,

T'Y x L' 3 (J§8,Jpo) = JpGodgo =T (o) € T'Y, (1)

and clearly restricts to Imm7"Y. Recall that an element of L" is an r-jet Jya, represented by a diffeomorphism o : I — J
of open intervals in R such that @(0) = 0. The group operation of L" is defined by composition of jets, and L" with this
multiplication has a Lie group structure. The canonical coordinates on L" are defined by a(;y (Jget) = Dla(0),1 <1<,
we denote a = ags a= agwy, a= ag)-

We introduce on Imm7"Y another differentiable structure, related to action of the differential group L".

Lemma 1. Let (V,y), w = (yX), be a chart on Y, and let (V"% ") be an associated chart on InmT"Y for a fixed index

L, 1 <L <m+1. Then there exists a unique collection of functions y"* = (wl, w(Ll> , w(Lz) ..... w(Lr),wG,w?, wg, ..., W)

on V' such that

!
o _ o o _ L L L (o
T 1 Z Z AV TARR AL S 1<1<r, 2
p=1(11,b,..I,)
_ L _ L L _ L _ L
o=k 1 ="ay y(2)7W(LZ)’ oY) T Ve
and (V" x") form a chart on ImmT"Y. Moreover, the functions WL,w",wlo,wg7 ...,w% are L"-invariant.

The charts (V"F, x"), 1 < L <m+ 1, define a differentiable structure on Inm7”Y, and are referred to as L-adapted
to the chart (V, y).

The following lemma describes the action (1) in canonical and adapted coordinates. Denote by agy, yf?), yg) the
canonical coordinates of Jyot, J5& and J§ (£ o o), and denote by (W(Ll> ,wy) and (W(Ll>,Wf) the adapted coordinates of J;{
and Jj({ o &), respectively.

r,L)

Lemma 2. The group action (1), (J§&,J50t) — J§& o J§et, is expressed in the associated chart (V"E, y"'L) by equations

1
K __ K K _ K
o=y Yo = Z Z an|a| -,V T<SIST

p=1(L.,b,....I,)
and, in the L-adapted chart (V"L x"1), by
1
W= wh W =Y Y el 1SS
r=1(L.b.,...I,
WO o= WO, Wl =wl, Ww§=wg, Wy =wp

Let y be a smooth curve in Y defined on an open interval / C R. The curve 7"y in T"Y, defined by
I3t —=T"y(t)=J (yotr—) € T'Y, 3)

is called the r-jet prolongation of 7.
In the following lemma we consider the basic properties of 7"y.

Lemma 3. Let (V,y) beachartonY. If y: 1 —Y is a smooth curve, then the prolongation curve T"y (3) satisfies:
(a) The chart expression of T"y in the associated chart (V" ,y") is given by

¥ o Tt = DOE_ o T 17)(1) = DI (¥ 0 7)),
and in the adapted chart (VE, x"L) by
wi o T"y(t) = D(wi o T Lyo (whoy) ) (wWh(1(1))), wiy o T ¥(t) = D*(whoy)(1).
(b) For every diffeomorphism of open intervals p : J — 1,
T (you)(s) =T y(u(s)) o ' (s), ©)

where p"(s) = Ji(try ) o o tr—) belongs to L” for all s € J.
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Although Y is not supposed to be a fibred manifold, we shall consider the associated trivially fibred manifold R x Y
over R, with projection 7 : R x Y — R and its product manifold structure. As it is usual, the r-jet prolongation of fibred
manifold R x Y is denoted by J"(R x Y), with elements r-jets J.y of sections y of 7 at a point x € R. The canonical
Jet projections are denoted by " : J' (R xY) - Rand 7 : J"(R X Y) — J*(Rx Y); " (JLy) = x, n"*(JLy) = Ji7v. The
canonical r-jet prolongation J"y of a section y of 7 is a curve in J" (R x ), defined by J"y(x) = JJ.

The manifold of higher order velocities arise from the jet prolongation of a fibred manifold. We can canonically identify
the r-jet prolongation J" (R x Y) of R x ¥ with the product manifold R x T”Y by means of the mapping ¢" : J"(Rx Y) —
R x T"Y, defined by ¢"(J1y) = (x,J§(Y otr—x)), where tr_, is a translation r — ¢ +x of R, and ¥ is a section of R x ¥,
¥(t) = (t,%(t)). The inverse of ¢, (")~ : R x T"Y — J"(R x Y), is then of the form (¢")~!(x,J5¢) = J7E, where
Z(1) = (1, otre(t)). Obviously, the mapping ¢” o J'y = idg x T"Y is a section of trivially fibred manifold R x T"Y.
Defining the canonical projection R x T"Y — R x T*Y by idg x "%, we get the commutative diagram (idg x 7"*) 0 ¢" =
¢* o "*; the induced canonical projection {0} x T"Y — {0} x T*Y we identify with 7"*. For every openset W C R x Y,
we denote W = ¢"((x"0)"1(W)) C Rx T"Y, and W§ = pr,(W") = (77°0)~1(pr,(W)) C T"Y, where pr, denotes the
second Cartesian projection of R x T"Y .

We now introduce the concepts of formal derivative morphism and formal derivative of a function, adapted to our
approach (cf. [8, 5]). Let an element Jj{ € T"Y be given. The representative { of J){ induces the (r — 1)-jet prolongation
T7~1¢, and the tangent mapping at the origin 0 € R, TpT"~!{, sending a tangent vector of TyR to a tangent vector of
771y at the point "~ (J5¢) = J6_1 . Denoting ¢ the canonical coordinate on R, we define the vector field & along the
projection T "1 by 8§(J5¢) = TyT™~' ¢ - (d/dt)o, called the formal derivative morphism of order r. If (V,y), y = (y),
is a chart on Y, we get the coordinate expression of & of the form

0
8(1p8) = Zy (o) <8y5)> : Q)
Jr—lg

Let (V,w), w = (¥X),beacharton ¥, and f: V'~! — R be a function. Formula (5) then induces a function §(f) : V" — R,
called the formal derivative of function f. Restricting the formal derivative morphism & to Imm7"Y, we define an
associated morphism d /dw" : InmT”Y > V" — TImmT 'Y by d/dw" = (1/y")8. It is not difficult to express d /dw"
in terms of an L-adapted chart (V"L x"L); we get

d 9 r—1 o 9 r—lwf‘er1> P
I N VT T A YA e

With respect to L-adapted chart (V"L x"L), the induced formal derivative of a function f : V"X — R is denoted by
df /dw*.

The formal derivative of a function f, defined on an open subset of J'~! (R x ¥), is in a fibred chart (U, @), ¢ = (¢,y%),
on R x Y, denoted by df/dt.
Remark 1. (Second order formulas) The transformation formulas between second order charts (V2L w?L) and
(VL %21 are given by

yL _ WL, yL =WL yL =WL, y(r :W(J7 yo — W?WL, )70— Wg(WL)2+W?WL,
L L L_ L L _ L ¥ 1 L
c c o o} c
w = y, w =y, w =y, w :y7wli.7, 2 B (y y)7
vk (vh)? vt

and the canonical group action (1) is expressed in associated and adapted charts by

_K K =K K. =K K .2 K ..

yr=y,y =yay =y a-+yd,
_ ~L L. =L L . L. — — —
WL:WL7 w :WLa7 w :WLaz—l—wLa7 W(F:WO-7 W?:W?, ngwg.

The chart expressions of the 2-jet prolongation T2y of a curve yin Y, are given by

whoT?y(t) = whoy(e), whoT?y(t) =D(whoy)(t), WwhoT?y(1) =D*(whoy)(1),
wooT?y(t) = wooy(t), wioT?y(t) =D(woyo(whoy) ) (wh(x(1))),
wSoT?y(t) = Dw{oyo(whoy) )W (1)),

and if u : J — I is a diffeomorphism of open intervals, we get from Lemma 3, (b), expressions for the curve Tz(yo U) on
J,

whoT?(you)(s) = whoTy(u(s)), whoT?(you)(s) =whoT?y(u(s))a(u’(s)),
whoT (you)(s) = whoT?y(u(s))a(u?(s))* +who Ty(u(s))d(u’(s)),
wloT?(you)(s) = wooT?y(u(s)), wioT?(you)(s) =wf oT?y(u(s)),
w§oT*(you)(s) = w§oTy(u(s)),

where p?(s) = Jg(tru(s) o otr_y) is an element of second order differential group L.
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3 DIFFERENTIAL FORMS

Let W be an open subset of manifold R x ¥, and W the r-jet prolongation of W in R x T"Y. Let QyW denotes the ring
of smooth functions defined on W’, and Q]’(W the QyW-module of smooth differential k-forms defined on W”.
We say that a 1-form p € QW is contact, if

(idg xT"E)*p =0 (6)

for all curves { in Y, defined on the open set 7(W) C R.

In next sections we shall consider the forms n € Q;W, defined on Wi = pr,(W") C T"Y, where pr, denotes the
second Cartesian projection of R x T"Y. These forms define oW- -module, denoted by Q] oW where Qf 00V is a ring
of smooth functions on W

The definition of contactness (6) now reduces for differential forms on velocity spaces in the following sense. We say
that a 1-form p € Q7 (W is contact, if

(T"¢)'p=0 ™
for all smooth curves § in Y, defined on the open set 7(W) C R.
Note that both of these definitions of contactness (6) and (7) imply that every function f is contact if and only if f

vanishes identically, and that every k-form is contact for k > 2.
The following lemma describes the local structure of contact 1-forms of QW and Q] (W.

Lemmad. (a) Let (U, ), ¢ = (t,yX), be a chart on R x Y such that U C W. Let p € Qi W be a 1-form, locally expressed
byp=Adt+Y]_, Bl,(dyg). Then p is contact if and only if

r—1
[l K
p=1Y Byo
1=0

where
() dy(> (l+1)dt7 0<I<r-—1. 8)

(b) Let (V,y), w = (%), be a chart on Y such that t(W) xV CW. Let p € Qi oW be a 1-form, locally expressed by
p= erzoAé(dyg). Then p is contact if and only if

Ak =0, ZAKy 1+1)

Moreover, if p is expressed in an L-adapted chart (V5 w"L) on WiNImmT'Y by p = Z;:OAgdyg) +Z§:0Aidyfs)
(no summation through L), then p is contact if and only if

r—1 r—1
! L
p= ZAGT’(([;) + ZASLH(J)
=0 s=1
where
v by =dyk - ”‘ dy*, ©)

and if p = Z?:OAZ(,dwf7 +yr OAAde (no summation through L) in an L- adapted chart (V"L x"E) on Wi NImmT"Y,
then p is contact if and only if

Y
(o _d o _ yL d

r—1
p= ZAaTh + ZAETILS
s=1
where
)
S
1116:dvvf’—wﬁrla'wL7 77<Ls) :dW(LS>—TdWL. (10)

Proof. Both assertions (a) and (b) immediately follow from a calculation of pull-back in the definition of contactness (6)
and (7), respectively.

Remark 2. We note that if a 1-form p € Q] (W is contact in sense of (10) (or (9)), then it is also contact in sense of (8),
after the lift by means of second canonical projection pry : R xImm7”Y — ImmT"Y. In particular, the contact forms 1,
(10) of Q) oW transform to contact forms a) (8) of Q| W. For example, if r = 2, we get

y | 1 P oo LY
nozwo_TwL7 nl":—w"— )2 (ya_jyc wL_( COL7 nL:wL_T L'

y Ot y )2 y



Variational sequences on fibred velocity spaces 81

We note that, clearly, 1-forms (8), a) O <I<r—1,and (10), nl R ) where 0 </ <r—1,1<s<r—1,are contact
and linearly independent. The 1- forms {dt a)K dy } {awt, nf, ) dw®, dwl}, define a contact basis of linear
forms on W” and W, respectively. As usual, for r g 3 we denote the contact 1-forms (8) by of = w(l(()), ok = w{;,
d')K:a)g 7and'cliK:colg .

The ideal of the exterior algebra of differential forms, generated by contact 1-forms, is called the contact ideal. A dif-
ferential form is said to be contact, if it belongs to the contact ideal. A contact form, containing exactly k exterior factors
(8), resp. (10), is said to be k-contact.

It is well-known that k-contact forms, generated by contact 1-forms (8), form a submodule of the module Q;W of
differential forms, defined on a prolongation of a fibred manifold; in our case J"(R x ¥) isomorphic to R x T"Y.
Lemma 5. Let W be an open subset of R x Y, and (V1,y1), wi = (95), (Va, ), wa = (35), be two charts on Y such
that Vi,V, C pry(W), ViNVy £ 0. If(Vr’L,xlr’L) and (Vr’M,xzr’M) are two adapted charts on W NImmT"Y, then

_ W) owM vy
n, = ((9 - +W;7/+1TWG) Z ; ) (
_ _M B _M _
M “%+anwm G+ia%ﬂa+i&%)L
n(q) - owo WM 9wo n &= 8WIG n = awl() n(s)7
= = s

where 0 < p<r—1l,and1 <g<r—1.
Proof. The transformation properties are obtained by a straightforward calculation.

Corollary. k-contact forms on Wy NImmT"Y, constitute a submodule of the module of differential forms Q \W.

It is the standard result that the pull-back of a differential form p € W, by means of the canonical jet projection
a"+17 | can be uniquely decomposed into its contact components (see e.g. [3]). We have

()Y p = preo1p + prp,s (11

where py_1p is the (k — 1)-contact component, and pyp is the k-contact component of p. We note that an analogous
contact decomposition formula holds also for differential forms of Q; (W, defined on an open subset of manifold of
regular velocities Imm7"Y (see [9]). '

4 THE VARIATIONAL SEQUENCE

Let Y be a smooth manifold, dimY = m. Let W C R x Y be an open set, W" its r-jet prolongation to R x T"Y, and ;W
be the module of smooth differential k-forms, defined on W’. Let () ;W denotes the submodule of Q;W of k-contact
k-forms. Denote
©orw = {0}, W = rw +d)Q; W, (12)
in the sense that a k-form p € ;W belongs to ®; W if and only if p has a local decomposition p = pg +dp’ for some
Po € <”)QI’(W and p’ € <”)Q,’(71W. ©®; W is a subgroup of the Abelian group Q;W, and we get a subsequence of Abelian
groups
0—OW—-00W—...-0uW—0 (13)

of the DeRham sequence
0R—->QW = QW — ... QW Q) (W—...-> QW —0, (14)

where the morphisms denote the exterior derivative d,and M = mr+ 1, N =dim(Rx T"Y) =m(r+ 1)+ 1.

Theorem 1. Let W be an open set in R X Y. Then @ W is a direct sum of the module (")Q,’(W and of the image of the
module (")QLIW in exterior derivative operator d, i.e. if p € O;W, then there exist unique forms po € (">Q,’(W and
p' € (C)Q,LIW such that p = pg+dp’ on a neighbourhood in W',

Proof. ltis sufficient to show uniqueness of the decomposition p = pg+dp’ in some chart on W”. The proof is based on

the structure of k-contact and (k — 1)-contact forms, and in case of arbitrary fibred manifold with one-dimensional base
it can be found in Krupka [3].

As a consequence of Theorem 1 and Poincaré lemma for contact forms (cf. [3]), we observe that the subsequence (13)
is exact, and it is said to be the contact subsequence of the DeRham sequence (14).
The quotient sequence

0—=>R—->QW = QIW/OTW — ... - QW/0)W — Q) (W —...—- QW —0, (15)
where the quotient mappings £ : ;W /@;W — Q; |\ W/@; | W are defined by
E([p]) = [dp], (16)
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is then also exact. In (16), [p] denotes the class of a form p. It is easily seen that the mappings (16) are well-defined. The
sequence (15) is said to be the variational sequence of order r on R x T"Y (cf. [3, 8]).

For concrete coordinate calculations of classes, entering the variational sequence, the following result is important.
For any form p € Q7W, the class of p and the class of lifted form (z/"1")*p can be identified.

Theorem 2. The quotient mapping QW /O;W — Q,’('HW / @;HW is injective.
Proof. We refer to [3] and [9].

Classes of forms on 72Y

The following lemma describes, by means of canonical coordinates, the classes of differential forms on T2Y, as elements
of the second order variational sequence on fibred velocity manifold R x T2Y.

Lemma 6. Let (U, @), ¢ = (t,¥%), be a chart on R x Y, and (U?,92), > = (1,y%,y%,5%), the associated chart on

W2 CRxT?Y.
(a) Let p € Q%OW be locally expressed by p = AxdyX + AgdyX + AgdyX. Then the class [p] is an element of
QW /O3W, given by
[p) = (Axy¥ + Ak + Ak i) . (17)

(b) Let p € Q%"OW be locally expressed by
1 . .
p = EAWdyK ANayM + Ag pydy® AayM + Ak ydi® A ayM (18)
1 1
+ EBKMdyK/\d)}M+BK,MdyK/\d)}M+ ECKMdij/\d)'fM.

Then the class [p] is an element of QW /@3W, given by

o] = Ex([p]) 0" rd1, (19)
where
Ex(p)) = Axmy™ —Amx™ — Ay g i™ — 7 (Ag ™ + Bxwi™ — By x 5

2

ds .
toa (Ag ™ + B ™ + Cxm 5.

(c)Letp € Qg“’OW be locally expressed by
p = éAKMNdyK Ny ndyN + %A.K,,MNd).’K Ny Ny + %AKM,NdyK Ny ndyV
+ %AK.MNdyK AdYM Ny + Ag i ndi® AayM AdyN + %AKM,Nd)"'K AdM A dyY
+ éBKMNdyK AdyM NdyN + %BKMNdyK AdyM NdyN + %BKMﬁNdy'K AdM A ayN

1
+ 6cKM,\,dy'K AdM A di.

Then the class [p] is an element of QIW /@IW, given by

1 . 1 N
lp] = 3 ik ([P) @ A oX Adi+Ey k([p]) o™ Ao ndi+ EE@K([p])wM No® Adt
1
+ Enx(p)@" noX ndi+ S Ej((p)aff n o ndr, (20)
where
Eyk(P) = Auxny" +Bug v +Coxny™,
3 L/, , N y N
Eyk(p) = —3 ((AM.,K,N + Ak )Y + (Bukn +Bimn)5" + (B +Bykm) ¥ ) ,
Eyx(P) = (Akmn —Axun +Amxn)y" + (Brun +Ax v —Amn g)5
+(Bnkm — Ak om +Anm i) 7Y
1d . .
5% <(AK,M7N — Ak N)Y + Bk mn — Buxn)5 + (Bnk.m — Bvm k) yN)

d /.
+2W (AKM,NY'N +Bxu Ny + CKMN}’N) ;
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Eyk(p)) = 5 ((AM.,KN + ANV + (Anmk +Avg )7 + (An ok +Avgm) TV

d /. i} i} ) ) o
% ((AMJ(N + Ak )Y — Ay x +Ax v + (Anmx +Avk ) yN)

d2
d2 ((AMKN+AKMN WY+ ( (Bm,kN + Bk MN) )+ ( BNMK+BNKM)yN>)7

Egx(p)) = Amxny™ —Angmd™ —An g i
1d

*§$<(AMKN Ax )y + (Avm x — Ang )3 + (A x — ANKM))’N>

1 d?
242
1d3
4d
Ll d*
2 dr*
Proof. We compute the pull-backs of 1 in canonical projections T :RXxT"Y — R x T°Y, and apply the contact decom-
position of forms (11), together with the property d a)(% ( 1+1) Adt. The lifted form 1) is then factorized by means of

+= (AMK NN + Bugni” + By MKY )

((AMKN A ) + (Buxn — Bxun )i + (Bymx — BNKM))’N)

(AMK N + Buk, NYN +Cukny )

contact forms (12).

Now, we find the local structure of the quotient mappings E : QoW — Q{W /O\W, E : QW /OW — QLW /@1 W, and
E:QIW/@LW — QW /OLW, which appear in the sequence (15).
Lemma 7. Let (U,), ¢ = (t,y%), be a chart on R x Y, and (U%,9?), @ = (1,y%,y%,5%), the associated chart on
W2 CRxT?Y.

(a) For a function f € Q3 W it holds E(f) = E([f]) = (df/dt)d?.

M) If 1-form p € Q%’OW is locally expressed by p = AxdyX +AgdyX +AxdiX, then

E([p]) = Ex([dp]) 0" Adi, 21
where
Ek([dp]) = 8Ky +8y +8y T a 87)7 +AK+WY +Wy
Ay v Ay . M Ay .. M dBPAg
a (ay P G AR S VY ) =45

(c) If 2-form p € Q%’OW is locally expressed by (26), then
1
E(lp]) = EE}(l)/[I(([dp]) o Ao Adi+Ey k([dp]) o™ A oX ndi (22)
1
+2EMK([dp]) oM A oK Ndi+Ejy i ([dp]) 6™ Ao ndr

1
+§E@K([dp])w% ANo® Adt,

where the coefficients are determined by a class (20) of 3-form dp.

Proof. By the definition of morphisms E (16), we apply formulas for classes from Lemma 6 to exterior derivative of
forms.

The classes of exterior derivatives of forms, determined by Lemma 7, are closely related to variational objects, well-
known from local variational theory.
Let (U, @), ¢ = (t,yX), be a chart on R x ¥, and consider a 1-form p € Q2 oW, locally expressed by

p = Axdy® + AgdyX + Agdy¥. (23)
We define a Lagrange function £ :V3 — R by
L =Ay* +AE + AT, (24)
and the corresponding Euler-Lagrange expressions €x () : V> — R by

0% do¥ d’>0% & 0¥
() =3k “amak Y ar ik ~ a5k @5
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Note that by Lemma 6, we have [p] = Zdr.
Consider now a 2-form p € Q% oW, locally expressed by (18). Denote

ep = ApuyM —Aupi™ —AupyM - 7 (Appy™ + Bppi™ — By pi™) (26)
dZ
+—— (Appy™ + Bpui™ + Cpy 3.

dr?

Then by Lemma 6, [p] = ep®” A dt, and we define the corresponding Helmholtz expressions by

d d
ijSM(gP) = aygz(lil;Jr,;ﬂ
A (ep) = ;(;yf({l;+5;€’};_z (jygf) gy‘gg)) @7)
o) = (e (:;xz 5§§)w3 (55" )

1 ds ( 381( aSM >
575\ 9 T o9k |-
2 dt ay(s) ay(s)
From Lemma 7, (a), we see that the morphism E : Q)W — QW /@ W in the first column of the variational sequence
(15) is characterized by the rotal derivative operator. The following theorem characterizes the morphisms of (15) in the
second and third columns; the mappings E : Q{W /@(W — QIW /@LW and E : Q4W /OLW — QLW /@LW

Theorem 3. Ler (U, ), ¢ = (t,y%), be a chart on R x Y, and (U?,¢?), ¢* = (t,yX,5%,5%), the associated chart on

W2 CRxT.
(@) If a 1-form p € Q3 (W is locally expressed by (23), then the coeficients of [dp)] (21) coincide with the Euler-
Lagrange expressions of the associated Lagrange function £ (24),

Ex([dp]) = ek (Z).

(b) If a 2-form p € Q%’OW is locally expressed by (18), then the coeficients of [dp] (22) coincide with the Helmholtz
expressions of €p (26),

Eyk([dp]) = Hu(ep), Enx(ldp])=Au(ep), Eix(ldp]) = #u(ep),
Eyk(ldp]) = Ru(er), En(ldp]) = iy ep).

Proof. The proof is based on results, given by Lemma 6, Lemma 7, and direct calculations.

Remark 3. In this remark we briefly discuss some global aspects of the theory of variational sequences on velocity
manifolds as considered in this work; complete discussion goes outside the scope of this paper. By definition, the Euler-
Lagrange mapping as well as the Helmholtz mapping are morphisms of the variational sequence. Consequently, the
concepts of the kernel and the image of these mappings are well defined, and one can determine the cohomology groups
of the corresponding complex of global sections.

We have constructed the variational sequence (15) on the fibred manifold R x Y; thus, applying to this Cartesian
product the Kiinneth formula, we see that the De Rham cohomology groups satisfy H*(R x Y) = H*Y.

Consider the Euler-Lagrange morphism. By exactness of the variational sequence, if the Helmholtz class of the exterior
derivative of a 2-form p vanishes, [dp] = 0, then the class of p, [p] coincides, locally, with the class [dn] for a 1-form 7).
In other words, if the Helmholtz expressions (27) vanish, then expressions (26) are locally variational, i.e., are locally of
the form (25). In this sense the Helmholtz expressions define local variationality conditions.

However, a locally variational form may not be globally variational; it may happen that it does not possess a global
Lagrangian. It follows from the properties of the variational sequence that a sufficient (topological) condition for existence
of a global Lagrangian is the vanishing of the second cohomology group of the underlying fibred manifold, that is,
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HZ(R x Y) = 0. Applying to this general result of the Kiinneth formula, we see that if a source form & = ep@® A dt is
locally variational and in addition H2Y = 0, then € has a global Lagrangian.

If for example Y = R™, then since H¥R™ = 0 for every k, 1 < k < m, local variationality for source forms on ¥ = R™
always implies global variationality. If Y is the sphere S, then HXS™ = 0 for every m > 2 and k, 1 < k < m — 1; thus
we again get H2S™ = 0 whenever m > 3. If m = 2, then H2S*> = R # 0, thus local variationality does not imply global
variationality. Similarly, if ¥ = S! x S! is the torus, we get since H>(S! x §') =R # 0. If Y is the Mdbius strip or the
Klein bottle, in both cases H2Y = 0, and local variationality automatically implies global variationality.

S INVARIANT VARIATIONAL FUNCTIONALS

In this section we study parameter invariance of variational functionals, associated with 1-forms on manifold of regular
velocities. For purpose of applications, we consider second order case. Let W, be an open subset of Y, and WO2 =
(29~ (W) c T?Y.

Consider a 1-form p € Q.%_OW, defined on WO2 NImm72Y. Recall that every diffeomorphism y : J — I of open intervals
induces a curve s — p?(s) in L2, defined on J (4).

Let y: 1 — Wy C Y be an immersion. Any compact subinterval K of I associates with 1-form p the variational
functional pg, defined by

Y= Pi(Y) = /K(TZY)*p (28)
on the set immersions 7: K — Wy C Y of class C2.

Lemma 8. Letp € Q%,OW be a 1-form, and y:1 — Wy C Y be an immersion. Let |1 : J — I be a diffeomorphism of open
intervals such that D > 0 on J. The following conditions are equivalent:
(a) For any compact subinterval K C I, the variational functional pg is invariant with respect to reparametrization by
diffeomorphism U,
P& (V) = Pyu-1 (k) (Yo It). (29)
(b) p satisfies
(TP = (™) (T (yon))p. (30)

Proof. This equivalence condition is a direct consequence of the change of variables theorem for integrals. We show that
(a) implies (b). Since Dy >0 on J,

b row = [ (Pem)p = [y (P rom)'e. G

The condition (29) holds for any compact subinterval K C I, hence the integrands of pg(7y) and Pu-1( K>(yo u) coincide
which directly results in (30). The converse is now obvious.

1K)

The variational functional pg is said to be parameter-invariant, if one of the equivalent conditions of Lemma 8 is
satisfied for every diffeomorphism pt : J — I of open intervals such that Du > 0 on J, and for every immersion y:/ — Y.
Condition (29), satisfied for all i, also means that the variational integral px (y) does nor depend on parametrization.

Now we find the necessary and sufficient conditions for a 1-form p to associate a parameter-invariant variational
functional.

Theorem 4. Let (V,w), w = (yX), be a chart on Y such that V.C W. Let 1-form p € Q%OW be expressed by means of
the contact basis in L-adapted chart (V3E, x?1),
p = Ardwk +Aen® +Arnt +ALnG + A it + AZdwS . (32)
The following two conditions are equivalent:
(a) Variational functional pg is parameter-invariant.

(b) The coefficients of p satisfy: A vanishes identically on V*L, and Ay, Aé do not depend on W’

L
LWL

Proof. Suppose that pg, associated with 1-form p (32) for a given compact subinterval K, satisfies (a). Thus, by defi-
nition, we assume p satisfies condition (30) for every diffeomorphism u such that Dy > 0, and every immersion y with
values in Wy C Y. Applying formulas of the chart expression of r-jet prolongation of a curve (see Lemma 3 and Remark
1), we obtain after a direct calculation the expressions of (T2y)*p and (u=")*(T2(you))*p = (T?(you)ou=")*p,

...L
(T%y)"p(r) = (AL +ALTy +A§w§’) dwt o Ty(r),

and

(W) (T (you))*p(r)

<AL<T2y<r>oféu,rw+A§<T27<r>oféu,ﬂ<,>>w§’

el 3 Y Lees
TR e L T L R L LR

awl

) dwt o T3y(t),
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where d, d, and a@ denotes coordinates of Jg Hy-1(5) € L2. Condition (30) then already implies (b). To show the converse,
it is sufficient to verify condition (30) for p with specific coefficients given by (b). However, this is immediate.

Theorem 4 can be directly restated as follows.

Corollary. A 1-form p defines parameter-invariant variational functional pk if and only if there exists a decomposition
Of P,

p=po+pe, (33)
where pg is projectable onto the quotient space Imm72Y / L2, called the Grassmann fibration of Y, and pc is a contact
Sform on ImmT?2Y in sense of Lemma 4, (b). Then however, (33) means that the class of p coincides with the class of py.

Note that the class of 1-form p in sense of contact forms from Lemma 4 differs from the class, computed in Lemma
6, as en element of Q?W / @%W. However, it can be easily shown that these classes coincide after pull-back by means of
canonical prolongation T37.

Suppose p € Q%_OW is expressed in the contact basis by (32). Let y: I — Y be an immersion of open interval / into Y

such that y(I) C Wy, and T2y(I) C V*L. Then the pull-back (T2y)*p of p has the following chart expression,
(T?y)*p = (Lo T y)dt, (34)
where .¢}, is the L-associated Lagrange function, given by
A, = Al + AZwS b+ At (35)

We note that the function .%o T3 coincides, after the pull-back by means of 737, with the coefficient of class of 1-form
p (17) in the variational sequence .
Now, suppose that p defines the parameter-invariant functional pg. Then .£7, reduces to

S, = Apwk + AZwgwk, (36)
with the coefficients Af, A(ZT, not depending on w" and w’. The variational integral (28) can be now written of the form
p(@) = [ (ZioT v, (37)

and depends on a subset Q = y(K) in Y only. From the form of the variational integral (29), it follows that the equations
for extremals of pg(Q) are the Euler-Lagrange equations

SK(ZL) = 07

where €x(.%7,) are the Euler-Lagrange expressions, given by (25).

It is the standard result that the neccessary and sufficient conditions for the variational integral (28) to be parameter-
invariant, are the well-known Zermelo conditions (Zermelo [11] , McKiernan [7]). An auxiliary lemma simplifying the
Zermelo conditions, we proved in [10], is the following.

Lemma 9. A function F =F (yK K, 5K ), defined on ImmT?2Y satisfies the Zermelo conditions

oF g dF g dF g
2o K4 2 K~ 2K —o
if and only if the function G(w*, Wk ,WL7wa,wf,wg) = F(y% yX %) satisfies
G | G
" =G =0

Hence, we immediately see that the function .¢7, (36) associates parameter-invariant variational functional.
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